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ON THE NUMBER OF FULLY WEIGHTED ZERO-SUM
SUBSEQUENCES
ABI´LIO LEMOS, ALLAN O. MOURA, ANDERSON T. SILVA AND B. K. MORIYA
Abstract. Let G be a finite additive abelian group with exponent n and
S = g1 · · · gt be a sequence of elements in G. For any element g of G and A ⊆
{1, 2, . . . , n− 1}, let NA,g(S) denote the number of subsequences T =
∏
i∈I gi
of S such that
∑
i∈I aigi = g , where I ⊆ {1, . . . , t} and ai ∈ A. In this paper,
we prove that NA,0(S) ≥ 2
|S|−DA(G)+1, when A = {1, . . . , n− 1}, where
DA(G) is the smallest positive integer l, such that every sequence S over G of
length at least l has nonempty subsequence T =
∏
i∈I gi such that
∑
i∈I aigi =
0, I ⊆ {1, . . . , t} and ai ∈ A. Moreover, we classify the sequences such that
NA,0(S) = 2
|S|−DA(G)+1, where the exponent of G is an odd number.
1. Introduction
Let G be a finite additive abelian group with exponent n and S be a sequence
over G. The enumeration of subsequences with certain prescribed properties is a
classical topic in Combinatorial Number Theory going back to Erdo¨s, Ginzburg and
Ziv (see [7, 13, 14]) who proved that 2n− 1 is the smallest integer, such that every
sequence S over a cyclic groupCn has a subsequence of length n with zero-sum. This
raises the problem of determining the smallest positive integer l, such that every
sequence S = g1 · · · gl has a nonempty zero-sum subsequence. Such an integer l is
called the Davenport constant of G (see [6, 20]), denoted by D(G), which is still
unknown for wide class of groups. In an analogous manner, for a nonempty subset
A ⊆ Z\ {kn : k ∈ Z}, Adhikari et. al. (see [1]) defined an A-weighted Davenport
constant, denoted by DA(G), to be a smallest t ∈ N such that every sequence S
over G of length t has nonempty A-weighted zero-sum subsequence.
For any g of G, let NA,g(S) (when A = {1} we write Ng(S)) denote the number
of weighted subsequences T =
∏
i∈I gi of S = g1 · · · gl such that
∑
i∈I aigi = g,
where I ⊆ {1, . . . , l} is a nonempty subset and ai ∈ A. In 1969, [21] proved
that N0(S) ≥ 2|S|−D(G)+1 for every sequence S over G of length |S| ≥ D(G).
Subsequently, several authors, including [2, 3, 4, 8, 9, 10, 11, 12, 15, 16, 17, 18]
obtained a huge variety of results on the number of subsequences with prescribed
properties. Recently, Chang et al. [5] found the lower bound of Ng(S) for any
arbitrary g.
In this paper, we determine a lower bound for NA,0(S), where
A = {1, 2, . . . , n − 1} and G is an additive finite abelian group with exponent
n. We also characterize the structures of the extremal sequences which attain the
lower bound for the group G, such that n is an odd number.
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2. Notations and terminologies
In this section, we will introduce some notations and terminologies. Let
N0 be the set of non-negative integers. For integers a, b ∈ N0, we define [a, b] =
{x ∈ N0 : a ≤ x ≤ b}.
For a sequence
S =
m∏
i=1
gi ∈ F (G) ,
where F (G) is the free abelian monoid with basisG, a subsequence T = gi1···gik of S,
with IT = {i1, . . . , ik} ⊆ [1,m] is denoted by T |S; we identify two subsequences S1
and S2 if IS1 = IS2 . Given subsequences S1, . . . , Sr of S, we define gcd(S1, . . . , Sr)
to be the sequence indexed by IS1 ∩· · ·∩ ISr . We say that two subsequences S1 and
S2 are disjoint if gcd(S1, S2) = λ, where λ refers to the empty sequence. If S1 and
S2 are disjoint, then we denote by S1S2 the subsequence with set index IS1 ∪ IS2 ;
if S1|S2; we denote by S2S
−1
1 the subsequence with set index IS2 \ IS1 .
Moreover, we define
(1) |S| = m the length of S.
(2) an A-weighted sum is a sum of the form σa (S) =
∑m
i=1 aigi, with a =
a1 · · · am ∈ F(A), where F (A) is the free abelian monoid with basis A.
When A = [1, n− 1], we call S a fully weighted sequence.
(3)
∑
A (S) =
{∑
i∈I aigi : ∅ 6= I ⊆ [1,m] and ai ∈ A
}
, a set of nonempty A-
weighted subsums of S.
According to the above definitions, we adopt the convention that σa (λ) = 0, for
any a ∈ F(A). For convenience, we define
∑•
A (S) =
∑
A (S) ∪ {0}.
The sequence S is called
(1) an A-weighted zero-sum free sequence if 0 /∈
∑
A (S),
(2) an A-weighted zero-sum sequence if σa (S) = 0 for some a ∈ F(A).
For an element g ∈ G, let
NA,g (S) =
∣∣∣∣∣
{
I ⊆ [1,m] :
∑
i∈I
aigi = g, ai ∈ A
}∣∣∣∣∣
denote the number of subsequences T of S with σa (T ) = g for some a ∈ F(A).
Definition 2.1. Let n be the exponent of G, g ∈ G, A ⊆ Z\ {kn : k ∈ Z} and
S ∈ F (G). We say S is g-complete sequence with weight in A if NA,g (S) ≥
2|S|−DA(G)+1. We call S an extremal g-complete sequence with respect to A if
NA,g (S) = 2
|S|−DA(G)+1. Let us denote CA,g (F (G)) as the set of all g-complete
sequences with respect to A and ECA,g (F (G)) as the set of all extremal g-complete
sequences with respect to A.
Definition 2.2. Let n be the exponent of G and A ⊆ Z\ {kn : k ∈ Z}. We say G
is a 0-complete group with respect to A if F (G) = CA,0 (F (G)).
When A = {1}, Olson [21] proved that all finite abelian groups are 0-complete
with respect to A. Chang et al. [5] proved, that, when A = {1}, if g ∈
∑•
A (S),
then S ∈ CA,g (F (G)) and, if S is extremal h-complete sequence with respect to
A for some h ∈ G, then S is g-complete sequence with respect to A for all g ∈ G.
Moreover, they classified the sequences in ECA,0 (F (G)) to G with odd order.
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Here we present an example: Take an A-weighted zero-sum free sequence U over
G with |U | = DA(G) − 1. Thus, for S = U0|S|−DA(G)+1 and for all g ∈
∑•
A (U),
we have S ∈ CA,g (F (G)) and S ∈ ECA,0 (F (G)).
3. Lower bound
We write the finite abelian groupG as direct sum G = H⊕Crn , where C
r
n denotes
r copies of the cyclic group of order n denoted by Cn and H = Cn1 ⊕· · ·⊕Cnt with
1 < n1|n2| · · · |nt|n = exp(G) and nt < n.
To prove our first theorem, we need some auxiliary results, which are as follows.
Proposition 3.1. [Proposition 2.3 [19]] Let G be a finite abelian group with expo-
nent n, A ⊆ [1, n− 1] a nonempty subset and b ∈ N. Then,
DbA(G) = DA(gcd(b, n)G).
Corollary 3.2. Let G be a finite abelian group with exponent n and A ⊆ [1, n− 1]
be a nonempty subset, such that A∪{0} is a proper subgroup of Zn. Then, DA(G) =
DA′(dG), where A = dA
′ and A′ ∪ {0} ∼= Zn/d.
Proof. Since A∪{0} is a proper subgroup of Zn, then there is d ∈ Zn such that A∪
{0} = 〈d〉 and d is the minimum with this property. We observe that d = gcd (d, n).
Now, we apply the Proposition 3.1 with b = d and obtain DA(G) = DA′(dG), where
A = dA′. Since dZn/d = d
{
0, 1, 2, . . . ,
n
d
− 1
}
∼= 〈d〉 = A∪{0} = d (A′ ∪ {0}), then
A′ ∪ {0} ∼= Zn/d. 
An immediate consequence of the Corollary 3.2 is that we could consider only
fully weight instead of a proper subgroup.
Lemma 3.3. [Theorem 5.2 [19]] Let G = H⊕Crn, where H = Cn1 ⊕· · ·⊕Cnt with
1 < n1|n2| · · · |nt|n = exp(G) and nt < n. Then, DA(G) = r + 1.
A subsequence T of S is called a maximal A-weighted zero-sum free subsequence
if T is a subsequence of maximal length such that T is A-weighted zero-sum free.
Below, we present an important result for the fully weighted Davenport constant.
Theorem 3.4. All finite abelian group G with exponent n is 0-complete with respect
to A = [1, n− 1].
Proof. According to Lemma 3.3, we can write DA(G) = r + 1. If |S| ≤ r, then
NA,0(S) ≥ 1 ≥ 2|S|−r. If |S| = r + 1, then there is an A-weighted zero-sum
nonempty subsequence T of S. Thus, NA,0(S) ≥ 2 = 2|S|−r. Notice that if there is
no T |S, such that T is no a maximal A-weighted zero-sum free with |T | = r, then
NA,0(S) > 2
|S|−r.
Suppose now r + 1 < |S|.
We divide the proof in three cases:
Case 1: Let S ∈ F(G) be a sequence such that o(g) < n for all g|S:
In this case, we have that each g|S is an A-weighted zero-sum subsequence and
so NA,0(S) = 2
|S| > 2|S|−r.
Case 2: Let S = TW ∈ F(G) be a sequence such that the elements of T have
order n and T is maximal A-weighted zero-sum free with |T | < r.
Then, for each element g|W , we have two possibilities:
a) If o(g) < n and for ag = o(g) ∈ A, then g is an A-weighted zero-sum subse-
quence.
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b) If o(g) = n, then Tg has an A-weighted zero-sum subsequence with g being
one of its elements.
In both possibilities, there is V |Tg, such that V is an A-weighted zero-sum
subsequence whose coefficient of g is ag ∈ A. Then, agg is an A-weighted sum of
some subsequence of T :
agg =
∑
i∈Ig
aigi; Ig ⊂ IT .
Thus, for every U |W nonempty, we have∑
g|U
agg =
∑
g|U
∑
i∈Ig
aigi =
∑
gi∈IV
bigi; IV ⊂ IT , with ai, bi ∈ A,
i.e., the A-weighted sum
∑
g|Uagg is an A-weighted sum of some subsequence VU
of T . Therefore, UVU is an A-weighted zero-sum subsequence of S. Notice that if
VU = λ, then U is an A-weighted zero-sum subsequence. Therefore, if we include the
empty subsequence, we obtain a minimum of 2|W | = 2|S|−|T | distinct A-weighted
zero-sum subsequences of S. This proves that NA,0(S) > 2
|S|−r.
Case 3: Let S = TW ∈ F(G) be a sequence such that T is a maximal A-
weighted zero-sum free and |T | = r.
As in Case 2, we obtain a minimum of 2|W | = 2|S|−|T | distinct A-weighted zero-
sum subsequences of S. Therefore, NA,0(S) ≥ 2|S|−r. 
4. The structures of extremal sequences on the fully weighted
Davenport constant
In this section, we consider that G is of the form H ⊕ Crn with exp(H) < n and
we will study sequence S, such that NA,0 (S) = 2
|S|−DA(G)+1 where A = [1, n− 1].
The case A = {1}, for the general group of odd exponent, was studied by Chang et
al. [5].
BecauseNA,0 (S) = 2NA,0
(
S0−1
)
and if o(g) < n, thenNA,0 (S) = 2NA,0
(
Sg−1
)
,
it suffices to consider sequences S, such that 0 ∤ S and o(g) = n for all g|S.
Proposition 4.1. Let G be a finite abelian group with exp(G) = n. If S ∈
ECA,g (F (G)), with A = [1, n− 1], 0 ∤ S and o(g) = n for all g|S, then r ≤ |S| and
there is T =
∏r
i=1 gi a maximal A-weighted zero-sum free, such that
(4.1) S =
r∏
i=1
gi
k∏
j=1
hj ,
where k ∈ N0 and bjhj =
∑
i∈Ij
aigi with ai, bj ∈ A, Ij ⊂ [1, r].
Proof. Let S be a sequence over G, with 0 ∤ S, o(g) = n for all g|S and NA,0 (S) =
2|S|−DA(G)+1 = 2|S|−r. If |S| < r, then as λ is an A-weighted zero-sum subsequence
of S and NA,0 (S) ≥ 1 > 2|S|−r. Therefore, we can assume |S| ≥ r. By Theorem
3.4, Case 3, there is T |S, such that T =
∏r
i=1 gi is a maximal A-weighted zero-sum
free, otherwise NA,0 (S) > 2
|S|−r. According to Lemma 3.3, we observe that if g ∤ T
then alg =
∑
i∈I⊂[1,r] aigi, with ai, al ∈ A. If there is more than a set I satisfying
this, then by Theorem 3.4, Case 3, it follows that NA,0 (S) > 2
|S|−r. Therefore,
there is only one set I satisfying alg =
∑
i∈I⊂[1,r] aigi. Thus, we conclude that
S =
∏r
i=1 gi
∏k
j=1 hj , where bjhj =
∑
i∈Ij
aigi with ai, bj ∈ A, Ij ⊂ [1, r]. 
Now, we prove the main result of this section.
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Theorem 4.2. Let G be a finite abelian group with exp(G) = n an odd number.
If S ∈ ECA,g (F (G)), with A = [1, n − 1], 0 ∤ S and o(g) = n for all g|S, then
r ≤ |S| ≤ 2r and there is T =
∏r
i=1 gi a maximal A-weighted zero-sum free, such
that
(4.2) S =
r∏
i=1
gi
k∏
j=1
hj ,
where k ∈ [1, r], bjhj =
∑
i∈Ij
aigi with ai, bj ∈ A, Ij ⊂ [1, r] and I
′
js are pairwise
disjoint (Ij = ∅ for all j implies that S =
∏r
i=1 gi ).
Proof. Let S be a sequence over G with 0 ∤ S, o(g) = n for all g|S and NA,0 (S) =
2|S|−DA(G)+1 = 2|S|−r. We know, by Proposition 4.1, that S =
∏r
i=1 gi
∏k
j=1 hj
where k ∈ N0, bjhj =
∑
i∈Ij
aigi with ai, bj ∈ A, Ij ⊂ [1, r] and T =
∏r
i=1 gi is a
maximal A-weighted zero-sum free.
Now, we will prove that the I ′js are pairwise disjoint. If |S| = DA (G) − 1 = r,
then NA,0(S) = 1, Ij = ∅ for all j ∈ [1, k] and S =
∏r
i=1 gi. Suppose that
|S| = DA (G) = r + 1 then, Ij 6= ∅ for only one j, NA,0(S) = 2 and S =
∏r
i=1 gihj.
Finally, suppose S =
∏r
i=1 gi
∏k
j=1 hj with k ≥ 2 and Ij1 ∩ Ij2 6= ∅ for some
j1, j2 ∈ [1, k], with j1 6= j2 and where
aj1hj1 =
∑
i∈Ij1
aigi and aj2hj2 =
∑
i∈Ij2
bigi
with aj1 , aj2 , ai, bi ∈ A.
Using the same argument of Theorem 3.4, Case 3, we have
(
k
0
)
+
(
k
1
)
+ · · ·+
(
k
k
)
=
2k = 2|S|−r A-weighted zero-sum subsequences of S. Since Ij1 ∩ Ij2 6= ∅, we have
Ix, Iy ⊂ Ij1 ∪ Ij2 such that
(4.3) aj1hj1 + aj2hj2 =
∑
i∈Ix
cigi and aj1hj1 − aj2hj2 =
∑
i∈Iy
digi, ci, di ∈ A.
Notice that exp(G) = n is an odd number, it follows that Ix 6= ∅ or Iy 6= ∅.
If Ix 6= Iy , then there is a new A-weighted zero-sum subsequence of S and
therefore NA,0 (S) > 2
|S|−r, which is a contradiction. Now, suppose that Ix = Iy
and take gl|
∏
i∈Ij1∩Ij2
gi (observe that cl 6= 0, dl 6= 0 in (4.3)). Consider Tg
−1
l =∏r+1
i=1 gig
−1
l , where gr+1 = hj2 . If T is not a maximal A-weighted zero-sum free,
then there is I¯j2 ⊂ [1, . . . , r + 1] \ {l} such that zj2hj2 =
∑
i∈I¯j2
sigi, i.e., we can
obtain a new A-weighted zero-sum subsequence of S and thus NA,0 (S) > 2
|S|−r,
which is a contradiction. If T is a maximal A-weighted zero-sum free, then by
Lemma 3.3 we have I¯j1 ⊂ [1, . . . , r + 1] \ {l} such that vj1hj1 =
∑
i∈I¯j1
uigi, i.e.,
we can obtain a new A-weighted zero-sum subsequence of S. Therefore, we have
NA,0 (S) > 2
|S|−r again, which is a contradiction.
We observe that if k > r, then there are Ij1 and Ij2 with j1 6= j2, such that
Ij1 ∩ Ij2 6= ∅. Therefore, NA,0 (S) > 2
|S|−r. Thus, r ≤ |S| ≤ 2r. 
Because of the aforementioned, we make the following conjecture:
Conjecture 4.3. All finite abelian group G with exponent n is 0-complete with
respect to A ⊆ Z\ {kn : k ∈ Z}.
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